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Lecture 15 

Physics 404 

 

 We now consider systems that can exchange particles, in addition to energy.  This will lead to 
the Grand Canonical Ensemble of statistical mechanics.  We saw that temperature can be used to decide 
how energy will flow between two systems when they are brought into thermal contact.  Simply put, the 
system with the higher temperature will spontaneously deliver energy to the system with the lower 
temperature when they are brought into thermal contact, according to the second law of 
thermodynamics.  In equilibrium, the net energy transfer comes to an end, and the temperatures 
equalize.  In analogy, we would like to define a ‘potential’ that determines how particles move from one 
system to another when they are brought into contact.  We shall term the exchange of particles 
between systems as ‘diffusive contact’.  Examples include p/n junctions in semiconductors, chemical 
batteries, fuel cells, etc. 

 Consider two systems in thermal equilibrium with each other and with a reservoir at 
temperature   .  The Helmholtz free energy of the joint system will be minimized.  If the two systems are 
brought into diffusive contact, there will be an exchange of particles to establish equilibrium.  At that 

point the differential of Helmholtz free energy will be zero:      
  

   
         

  

   
        .  Since 

the number of particles lost by one system must equal the particles gained by the other, it must be that: 

 
  

   
      

  

   
           .  In equilibrium these two derivatives must be the same, suggesting that 

we define a ‘chemical potential’:          
  

  
    , which will equilibrate after diffusive contact is 

established.  Note that the chemical potential has the dimensions of energy per particle.  Some other 

expressions for the chemical potential include 
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 If two systems with different chemical potentials (         ) are brought together into diffusive 
contact, particles will flow, but which way?  Suppose    >    before contact.  From          
     , we see that the Helmholtz free energy will go down if      .  We can conclude that particles 
flow from systems with high chemical potential to low chemical potential. 

 As an example, consider the chemical potential of an ideal gas.  In lecture 10 we found the 

Helmholtz free energy in the dilute limit is                      , where     
  

    
     is the 

quantum concentration.  From this, the chemical potential is found to be              , where 

       is the particle concentration.  Systems with a higher concentration will have a larger chemical 
potential.  If we consider systems in the dilute, classical limit (    ) then the chemical potential will 

be negative, since the logarithm is negative.  The class web site has plots of     vs.           ,  for He 

gas, liquid He, and for electrons at different temperatures (Note that    is a function of temperature 

and particle mass).  Electrons very quickly approach the quantum limit at modest concentrations – we 
will attack this problem later when we consider electrons in metals. 

 The Thermodynamic Identity (a statement of conservation of energy in a thermodynamic 
context) can now be expanded to include the exchange of particles:               .  This says 
that energy can be added to a system by adding entropy at fixed temperature, by doing work on the 
system, and by adding new particles each of which carries chemical potential  . 

http://www.physics.umd.edu/courses/Phys404/Anlage_Spring11/Chemical%20Potential%20of%20Ideal%20Gas.pdf
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 Particles can also move between systems because of other effects.  External fields (gravitational, 
electric, magnetic, etc.) can influence the motion of particles.  For example the electron has a magnetic 

moment   , and in an external field     has a magnetic potential energy                  .  An electron 

also has a charge  , giving it an electric potential energy              in an external electric field 

          .  Mechanical effects can also induce particles to move (see below).  We propose that a total 
chemical potential is constructed by adding the ‘internal chemical potential’ that we have calculated 
above to the ‘external’ contributions such as          ,          ,         , etc. where each of these 

potential energies is per particle.  In diffusive equilibrium the total chemical potential of the system will 
be uniform. 

 As an example, we consider a rotating centrifuge, problem 1 in Chapter 5 of K+K.  The external 
potential is due to the ‘centrifugal’ force acting on a particle at a distance   from the axis of rotation: 

             , giving a potential of        
     

 
, for a particle of mass  .  The gas is at 

temperature  , and we assume that the material achieves diffusive equilibrium, so that the total 
chemical potential is uniform.  The result for the concentration as a function of radial distance   from 

the axis of rotation is              
     

  
 .  A centrifuge can be used to separate isotopes, such as 

     and     , in the form of uranium hexafluoride gas, because their masses are different and they 
will have different concentration profiles in the spinning centrifuge.  A cascade of centrifuges can be 
used to separate the isotopes. 

http://en.wikipedia.org/wiki/Gas_centrifuge

